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1. Sec. 2.2 Q15

15. Let V and W be vector spaces, and let S be a subset of V. Define
SY = {T € L(V,W): T(z) = 0 for allz € S}. Prove the following

statements.

(a) S°is a subspace of L(V,W).
(b) If Syand So are subsets of V and S; C So, then SY C SY.
(c) If Vi and Vs are subspaces of V, then (Vi + V)Y = V9N VY.
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2. Consider a linear transformation 7' : V' — W. Prove or disprove the following.

(a) If T has a right inverse, must it have a left inverse?

(b) If T has a left inverse, must it have a right inverse?

(¢) If T has both a left and a right inverse, must it be invertible? (That is, must
the left and right inverse be the same?)

(d) If T has a unique right inverse S, is T necessarily invertible? (Hint. Consider
ST+S—1.)
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3. Consider a linear transformation 7' : V. — W, where dim(V') = dim(W) = n. Show
that if T" has a left inverse U, then U is also a right inverse of T', thus T is invertible.
(Hint. Sec. 2.4 Q10(b), prove it if you use it)
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4. Sec. 2.4 Q20

20.7 Let T: V — W be a linear transformation from an n-dimensional vector
space V to an m-dimensional vector space W. Let # and + be ordered
bases for V and W, respectively. Prove that rank(T) = rank(L4) and

that nullity(T) = nullity(L4), where A = [T]}. Hint: Apply Exercise 17
to Figure 2.2.
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5. Sec. 2.4 Q24

24. Let T:V — Z be a linear transformation of a vector space V onto a
vector space Z. Define the mapping

T:V/N(T) =Z by T(v+N(T))=T(v)

for any coset v + N(T) in V/N(T).

(a) Prove that T is well-defined; that is, prove that if v + N(T) =
v' 4+ N(T), then T(v) = T(v').

(b) Prove that T is linear.

(c) Prove that T is an isomorphism.

(d) Prove that the diagram shown in Figure 2.3 commutes; that is,
prove that T = Tn.
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